In this study a hybrid numerical framework for modelling solid-liquid multiphase flow is established with a single-relaxation-time lattice Boltzmann method and the discrete element method implemented with the Hertz contact theory. The numerical framework is then employed to systematically explore the effect of particle concentration on the inertial migration of neutrally buoyant particle suspensions in planar Poiseuille flow. The results show that the influence of particle concentration on the migration is primarily determined by the characteristic channel Reynolds number Re0. For relatively low Re0 (Re0<20), the migration behaviour can only be observed at a very low particle concentration (≤5%). However, when Re0>20 the migration behaviour can be observed at a high concentration (≥20%). Furthermore, a focusing number Fc is proposed to characterise the degree of inertial migration. It was found that the inertial migration can be classified into three regimes depending on two critical values of the focusing number, 
where the vector x denotes the position of the node for which the calculation is being carried 133 out, Δt is the explicit time step, Fi represents a body force acting on the fluid and Ωi[fi(x,t)] is 134 the collision operator that controls the relaxation rate of the density distribution functions.
135
At each node, Eq. (1) is evolved by the collision and streaming processes at each time step.
136
Collision (also known as relaxation) redistributes the functions that arrive at each node and Here, τ is the dimensionless relaxation parameter and fi eq (x,t) is the equilibrium distribution stable LBM with a regularization procedure before the collision step is available [39] [40] .
178
However, the numerical deviation in the current study due to the lack of the regularization can number, higher-order terms in the Chapman-Enskog expansion must be carefully considered.
10

Boundary conditions
184
As velocity and pressure are not the primary variables in the LB formule, the normal 185 pressure, velocity and their combined boundary conditions cannot be imposed directly, but 186 alternative approaches to specify the boundary conditions in terms of the density distribution 187 functions need to be developed [42] . In the current study, the 'no-slip' wall boundary conditions 188 and the periodic boundary conditions are considered. 
ii f t t f t so that a 'no-slip' condition is imposed. Note that the collision and streaming processes are also 211 carried out at the solid nodes, which has been proved to achieve a second-order accuracy [43] .
212
This bounce-back rule works reasonably well for stationary walls and can also be extended to 213 any shaped wall or obstacle (including stationary particles) in fluid flows.
214
Periodic boundary conditions are also implemented in the LBM. Distribution functions 215 exiting the domain at one end are duplicated to a virtual node and transferred to the other end.
216
A normal streaming process then takes place, where the distribution functions of the virtual 217 node are treated as the input to the corresponding nodes at the other end. As shown in Fig. 2 
221
It should be noted that in our LBM, the solid particles that are immersed in the fluid are between the solid particles and the fluid, a physically correct 'no-slip' boundary condition is 225 required to impose at the interface, i.e. the fluid adjacent to the particle surface should have 226 identical velocity to that on the particle surface. The first step is to represent the particle using 227 the lattice nodes. Figure 3 illustrates lattice discretization of a circular particle, where nodes 228 interior and exterior to the particle are the solid and fluid nodes, respectively. These nodes are a fluid boundary node and a solid boundary node is called a boundary link. The surface of a 233 solid particle is assumed to be located in the middle of the boundary links. Clearly, the stepwise 234 lattice representation of the surface of a circular particle is neither accurate nor smooth unless 235 a sufficiently small lattice spacing is used. Nevertheless, this discrete representation provides 236 a universal approach for any shaped particles. where Up and Ωp are, respectively, the transitional velocity and the rotational velocity of an 274 individual particle, which are the same as used in Eq. (9). m is the particle mass and I=2/5mrp
is the moment of inertia. G is the gravity. F and M denote the force and the torque acting on where Fn is the normal force including the elastic contact force and the damping force, Fs is 282 the tangential force due to the sliding friction, Mr is the rolling resistance and Mt is the twisting 283 resistance. rp is the particle radius. n, ts and tr are the normal, tangential and rolling direction 284 unit vectors, respectively.
285
The normal force acts in the direction of the unit vector n that points parallel to the line The particle normal overlap δN is defined by δN = rp,i + rp,j -|xj-xi|, where xi and xj denote the 
301
The rolling resistance exerts a torque on the particle in the tr×n direction, where tr is the 302 direction of the "rolling" velocity. An expression for the rolling displacement of arbitrary-
303
shaped particles was derived by Bagi and Kuhn [46] . Applying the rate of this expression to 304 spherical particles of equal sizes yields an equation for the "rolling velocity" vL of particle i as
An expression for the rolling resistance torque Mr is postulated in the form Similarly, the twisting model is given as greater than Mt,crit, the torsional resistance is given by Mt = -Mt,crit.
336
Apart from the particle-particle interactions, a lubrication correction is also implemented 337 in the numerical framework. Lubrication force arises from the radial pressure in the interstitial 338 fluid being squeezed from the gap between two close solid surfaces. In the current LBM-DEM,
339
when the gap between the particles and the wall becomes less than the lattice resolution, i.e. 
where Flub is the lubrication force, vR(h) is the relative velocity at the gap h, and hcrit is critical 347 gap distance to trigger the lubrication correction. The critical distance used in our LBM-DEM 348 framework is set to be one lattice unit, i.e. hcrit=1.0×Δx. As a result, the total fluid force acting 349 on the particle can be smoothed from hydrodynamic force to the limiting leading-order 350 lubrication force when the particle is approaching the wall, namely, 
395
In the LBM computation, the physical parameters are usually dimensionless. Therefore, a 396 unit conversion scheme between the real parameters and the computational ones is established.
397
In the dimensionless lattice scheme, the size of the simulation domain is Lx×D=500×100, while 398 the suspended particles are monodisperse with diameter d=6 and 12, respectively, which gives 399 a corresponding channel-to-particle size ratio α=D/d=16.7 and 8. 
Migration of dense particle suspensions in a 418
Poiseuille flow
419
A systematical study on the migration of particle suspensions in a planar Poiseuille flow 420 with different concentrations is performed with the parameters shown in Table I. As mentioned 23 above, the flow is driven by the pressure gradient with the specified body force. As the particle 422 concentration increases, obviously the fluid will be accelerated more slowly since the drag 423 resistance caused by the particles increases, which leads to a longer time for the solid-liquid 424 flow to develop into a steady state. Figure 5 shows the snapshots of the flow field as well as 425 the particle positions with the same particle concentration ( 10% it occurs around t=3×10 5 , while for Re0=100, it takes place even more earlier around t=1×10 5 .
431
It is also noted that as the particle concentration increases, the flow velocity decreases 432 compared with the pure channel flow. To better to illustrate the effects of particle concentration, It is hence of interest to seek a general criterion to describe the degree of inertial migration.
519
Based on the setup of our system, the potential parameters that may affect the degree of inertial 520 migration Pf include the characteristic Reynolds number Re0, the particle concentration  , the is the length fraction (the number of particle diameters per channel length)
533
[13], the size ratio and channel length can be merged into the particle concentration. Hence, we Generally, the degree of migration increases as the characteristic Reynolds number increases,
539
while it decreases when the particle concentration increases.
540
In previous studies, Zhao et al.
[58] proposed a migration index to quantitatively explain 541 the effect of particle concentration on the inertial migration, which is defined as the ratio of the . In defining the migration index, the inter-particle distance is 544 replaced by a volume equivalent particle diameter, which depends on the particle concentration 545 and is always greater than the real particle diameter. Thus the Lennard-Jones potential should 546 be attractive and the migration index actually represents the ratio of attractive force to the lift 547 force. For the dense particle flows considered in the present study, the short-range inter-particle 548 collision forces are more important and the attractive force for such particle size is negligible.
549
Therefore, the migration index introduced by Zhao et al.
[58] is not applicable here. where LE is the entry length of the channel. When Fc is larger than a critical value, the 557 corresponding degree of inertial migration Pf will become 1, indicating a complete lateral 31 migration behaviour. However, this focusing number is not suitable for the cases considered in 559 the present study for two reasons: i) It is derived for dilute suspension, where the flow field is 560 assumed to be not disturbed by the particles. The effect of particle concentration is not fully 561 considered. ii) There is no entry length as periodic boundary conditions are set at the inlet and 562 outlet to explore the flow at the steady state, which is the main focus of this study. In order to 563 find a general criterion to describe the degree of inertial migration when the multiphase flow 564 is fully developed, a new dimensionless focusing number is proposed here to serve as a 565 qualitative indicator on the degree of inertial migration phenomena for dense suspensions.
566
The new dimensionless focusing number is determined using the simulation results.
567
Through a fitting with two independent variables, the dimensionless focusing number can be numbers Fc -and Fc + . On the other hand, due to the lack of consideration of the particle-particle 595 lubrication effect, a slightly different migration behaviour may occur, especially in relatively 596 dense suspensions. The presence of inter-particle lubrication force will prevent the particles 597 from getting further closer, which may lead to a decrease in the degree of inertial migration.
598
Nevertheless, the overall influences of the characteristic Reynolds number and the particle 599 concentration on the inertial migration are still expected to be similar to those in the cases 600 without consideration of the inter-particle lubrication effect. It is also worth verifying these 601 formulas further, especially experimentally, and exploring the physical background. by the fluid to stop the particle from further acceleration, which increases proportionally to the 663 falling velocity. Finally, the drag force will balance the gravitational force and the particle will large enough compared to the particle size [39] , which leads to a relatively large error of 6.5%.
681
However, the relative error for other cases is only within 2.0%, which demonstrates the 682 accuracy of the developed numerical approach. Further validations are also performed to verify the lubrication force between the particle 687 and the wall. For this purpose, the experiment of a single particle settling under gravity is Table I in [60]). The particle diameter is dp=15 mm, which equals to 7.5 in 693 lattice units, and the mass density is fixed at ρp=1,120 kg/m 3 . Figure 13 shows the particle the particle will keep moving along it without migrating laterally. Furthermore, the fluid and 711 the particle are both stationary at the beginning. Once the fluid flow starts, the particle starts to 712 move due to the hydrodynamic interactions. After a sufficient long time, the particle will 713 migrate to its lateral equilibrium position and moves at a constant velocity. 
